We generalize the decomposition theorem for perverse sheaves to Artin stacks with affine stabilizers over finite fields.
is non-zero, pure of weight 0, and has 1 as a Frobenius eigenvalue. So the first exact triangle above does not necessarily (in fact does not, as the argument in the beginning shows) split geometrically. Also
is 4-dimensional and has eigenvalues α/β, β/α, 1, 1, hence the proof for the geometric splitting of the second exact triangle fails too.
In [5] , Laszlo and Olsson generalized the theory of perverse sheaves to Artin stacks locally of finite type over some field. In [9] , we proved that for Artin stacks of finite type over a finite field, with affine stabilizers (3.8), Deligne's upper bound of weights for the compactly supported cohomology groups still applies. In this paper, we will show that for such stacks, similar argument as in [1] gives the decomposition theorem. We state it as follows (see (1.3. 3) for the notation). Theorem 1.2. Let f : X 0 → Y 0 be a proper morphism of finite diagonal between F qalgebraic stacks of finite type with affine stabilizers (3.8) , and let K 0 be an ι-pure Q ℓ -complex on X 0 . Then we have
and each p R i f * K is a semi-simple perverse sheaf on Y . Consequently, if K 0 is a semi-simple Q ℓ -perverse sheaf on X 0 , the conclusion above also holds.
Organization. In §2 we complete the proof of the structure theorem for ι-mixed sheaves on stacks, as claimed in ( [9] , 2.7.1). In §3, we generalize the decomposition theorem for perverse sheaves on stacks over finite fields, using weight theory. In the end, we mention the decomposition theorem for stacks over C.
Notations and Conventions 1.3.
1.3.1. We fix an algebraic closure F of the finite field F q with q elements. Let F or F q be the q-geometric Frobenius, namely the q-th root automorphism on F. Let ℓ be a prime number, ℓ = p, and fix an embedding of fields Q ℓ ι → C. For z ∈ C, let w q (z) = 2 log q |z|.
1.3.2.
For the definition of an Artin stack (or an algebraic stack), we refer to ([8], 1.2.22). We only consider algebraic stacks of finite type over the base.
1.3.3.
Objects over F q will be denoted with a subscript 0 , and suppression of it means passing to F by extension of scalars. For instance, if K 0 is a Q ℓ -complex of sheaves on an
ℓ be the lisse Weil sheaf of rank one on Spec F q corresponding to the character that sends F q to b (see ( [9] , 2.4)).
1.3.4.
For an algebraic stack X over a field k, we say it is essentially smooth if (X k ) red is smooth over k.
1.3.5. For a map f : X → Y and a complex of sheaves K on Y, we sometimes write H n (X, K) for H n (X, f * K).
1.3.6. We will denote Rf * , Rf ! , Lf * and Rf ! by f * , f ! , f * and f ! respectively. We use Hom and Ext (resp. H om and E xt) for the global Hom and Ext (resp. sheaf Hom and Ext). (ii) Every ι-mixed lisse sheaf F 0 with integer punctual ι-weights on X 0 has a unique finite increasing filtration W by lisse subsheaves, called the weight filtration, such that Gr W i is punctually ι-pure of weight i. Every morphism between such sheaves on X 0 is strictly compatible with their weight filtrations.
(iii) If X 0 is a normal algebraic stack (i.e. it has a normal presentation), and F 0 is a lisse and punctually ι-pure sheaf on X 0 , then F on X is semi-simple.
Proof. (i) and (ii) are proved in ( [9] , 2.7.1), where (iii) is claimed without giving a detailed proof. Here we complete the proof of (iii).
First of all, note that we may make a finite extension of the base field F q v /F q . From the proof of ([5], 8.3), we see that if U ⊂ X is an open substack, and G U is a lisse subsheaf of F | U , then it extends to a unique lisse subsheaf G ⊂ F . Applying the full-faithfulness in (loc. cit.) we see that if F | U is semi-simple, so also is F . Therefore, we may shrink X to a dense open substack U , and replace X 0 by some model of U over a finite extension F q v . We can then assume X 0 is smooth and geometrically connected. 3) for stacks. We claim that, if F 0 is lisse and punctually ι-pure of weight w, then H 1 (X , F ) is ι-mixed of weights ≥ 1 + w. The conclusion follows from this claim.
Let N = dim X 0 . By Poincaré duality, it suffices to show that, for every lisse sheaf F 0 , punctually ι-pure of weight w,
To show this, we may shrink X 0 to assume that the inertia I 0 → X 0 is flat, with rigidification
Note that k can only be of the form −2i − 2d, for i ≥ 0, where d = rel. dim(I 0 /X 0 ). So we have r = 2 dim X 0 + 2i − 1, and in order for H r c (X, −) to be non-zero, i = 0. Then
The claim follows from the fact that R −2d π ! F 0 is punctually ι-pure of weight w − 2d. To see this fact, it suffices to show that H −2d c (BG, F ) has weight w − 2d, for any F q -algebraic group G 0 of dimension d, and any lisse punctually ι-pure sheaf F 0 on BG 0 of weight w. By considering the Leray spectral sequence for the natural map BG 0 → Bπ 0 (G 0 ), we reduce to the case where G 0 is connected, and this case is clear. See the proof of ([9], 1.4) for more details.
3 Decomposition theorem for stacks over F q
. It is stable under the six operations ([9], 2.11, 2.12) and the perverse truncations p τ ≤0 and p τ ≥0 . The latter can be checked smooth locally, and hence follows from ([1], 5.1.6). The core of D m (X 0 , Q ℓ ) with respect to this induced perverse t-structure is called the category of mixed perverse sheaves on X 0 , as defined in ([5], 9.1). This is a Serre subcategory of all Q ℓ -perverse sheaves Perv(X 0 ), i.e. it is closed under sub-quotients and extensions. For sub-quotients, see ([5], 9.3). For extensions, note that a short exact sequence of perverse sheaves is an exact triangle in D b c , and we may apply (the mixed variant of) ([9], 2.5 iii).
Nevertheless, in this paper, we will consider the more general notion of ι-mixed complexes and in particular, ι-mixed perverse sheaves. This weaker condition will be sufficient for the purpose of proving the decomposition theorem. In fact, Lafforgue has proved the conjecture of Deligne that, all (Weil) sheaves are ι-mixed, for any ι. See ([6], 1.3) and ( [9] , 2.8.1).
The following definition comes from ([4], 6.2.4).
Definition 3.1. Let K 0 ∈ D c (X 0 , Q ℓ ) and w ∈ R. We say that K 0 has ι-weights ≤ w if for each i ∈ Z, the punctual ι-weights of H i K 0 are ≤ i+w, and we denote by D ≤w (X 0 , Q ℓ ) the full subcategory of such complexes. We say that K 0 has ι-weights ≥ w if its Verdier dual DK 0 has ι-weights ≤ −w, and denote by D ≥w (X 0 , Q ℓ ) the subcategory of such complexes. We say that K 0 is ι-pure of weight w if it belongs to both D ≤w and D ≥w .
Lemma 3.2. Let P : X 0 → X 0 be a presentation, and
Proof. The two statements are dual to each other, so it suffices to consider only the case where K 0 has weights ≤ w. The "only if" part is obvious, and the "if" part follows from ([9], 2.8) and the assumption that P is surjective. 2)) (i) For F 0 ∈ Perv ≤w (X 0 ) (resp. F 0 ∈ Perv ≥w (X 0 )), all of its sub-quotients are ι-mixed of weights ≤ w (resp. ≥ w).
(ii) Let j : U 0 ֒→ X 0 be an immersion of algebraic stacks. Then for any real number w, the intermediate extension j ! * ([5], 6) respects Perv ≥w and Perv ≤w . In particular, if F 0 is an ι-pure perverse sheaf on U 0 , then j ! * F 0 is ι-pure of the same weight.
Proof. (i) Note that the variant for mixed perverse sheaves on stacks is given in ([5], 9.3) . Recall that for a morphism u :
0 is a sub-object (resp. quotient object) of F 0 , then DF ′ 0 is a quotient object (resp. sub-object) of DF 0 , so by duality it suffices to prove the " ≤ w" part. This follows from the exactness of P * [d] and the ι-mixed variant of ([1], 5.3.1).
(ii) For a closed immersion i, we see that i * respects D ≥w and D ≤w , so we may assume that j is an open immersion. We only need to consider the case for Perv ≤w , since the case for Perv ≥w follows from j ! * D = Dj ! * .
Let P : X 0 → X 0 be a presentation, and let the following diagram be 2-Cartesian:
.2) we have c (X 0 , Q ℓ ). Then K 0 has ι-weights ≤ w (resp. ≥ w) if and only if p H i K 0 has ι-weights ≤ w + i (resp. ≥ w + i), for each i ∈ Z. In particular, K 0 is ι-pure of weight w if and only if each p H i K 0 is ι-pure of weight w + i.
Proof. The case of " ≥ " follows from the case of " ≤ " and
So we only need to show the case of " ≤ ".
Let P : X 0 → X 0 be a presentation of relative dimension d. Then K 0 has ι-weights ≤ w if and only if (3.2) P * K 0 has ι-weights ≤ w, if and only if (
The category Perv(X 0 ) is artinian and noetherian ( [5] , 8.2i). By the irreducible constituents of a perverse sheaf we mean its Jordan-Hölder components. Definition 3.6. Let F 0 be a perverse sheaf on an algebraic stack X 0 , and let β ∈ R/Z. We say that F 0 has ι-weights in β, if all irreducible constituents of F 0 , which are ι-pure by (3.4), have ι-weights in the coset β (in the sense of (3.1)). Now we give the perverse sheaf version of (2.1i, ii). For (ii), the variant for mixed perverse sheaves (which is the stack version of ([1], 5.3.5)) is given in ([5], 9.2). Theorem 3.7. Let F 0 be a perverse sheaf on X 0 .
(i) F 0 has a unique decomposition F 0 = β∈R/Z F 0 (β) into perverse subsheaves, called the decomposition according to the weights mod Z, such that for each β, the ι-weights of F 0 (β) are in β (in the sense of (3.6)). This decomposition, in which almost all the F 0 (β)'s are zero, is functorial in F 0 .
(ii) If the ι-weights of F 0 are integers (3.6), then there exists a unique finite increasing filtration W of F 0 by perverse subsheaves, called the weight filtration, such that Gr W i F 0 is ι-pure of weight i, for each i. Every morphism between such perverse sheaves on X 0 is strictly compatible with their weight filtrations.
Proof. (i) By descent theory ( [5] , 7.1) we reduce to the case where X 0 = X 0 is a scheme. One can further replace X 0 by an open affine covering, and assume X 0 is separated.
Proof. By (3.5), p τ ≤i K 0 and p H i K 0 are ι-pure, of ι-weights w and w + i respectively. Since RHom(K 0 , L 0 ) is a triangulated functor in both K 0 and L 0 , we may assume they are both perverse sheaves, and hence simple perverse sheaves (3.3i).
To show Ext n (K 0 , L 0 ) = 0, it suffices to show, by ([1], 5.1.2.5), that the ι-weights of Ext n (K, L) are not integers, for all n. Therefore, we may make a finite extension of the base field
for some irreducible smooth subscheme (since we can take a finite base extension) j :
, and for some irreducible lisse sheaf 
and, by the projection formula,
where a : X 0 → Spec F q is the structural morphism. By ([4], 6.1.11), the complex
, whose underlying vector space is Ext n (K, L), does not have integer punctual ι-weights.
For every β ∈ R/Z, we apply ([1], 5.3.6) to Perv(X 0 ), taking S + (resp. S − ) to be the set of isomorphism classes of simple perverse sheaves (hence ι-pure) of ι-weights not in β (resp. in β). Then we get a unique sub-object F 0 (β) with ι-weights in β (3.6), such that F 0 /F 0 (β) has ι-weights not in β, and F 0 (β) is functorial in F 0 . This extension splits since Ext 1 = 0. By induction on length we get the decomposition, which is unique and functorial.
(ii) As in ([5], 9.2), we may assume X 0 = X 0 is a scheme. The proof in ([1], 5.3.5) still applies. Namely, by (3.10ii), if F 0 and G 0 are ι-pure simple perverse sheaves on X 0 , of ι-weights f and g respectively, with f > g, then Ext 1 (G 0 , F 0 ) = 0. Then apply ([1], 5.3.6) for each integer i, by taking S + (resp. S − ) to be the set of isomorphism classes of ι-pure simple perverse sheaves on X 0 of ι-weights > i (resp. ≤ i).
3.8. Let k be a field and let X be a k-algebraic stack. We say that X has affine stabilizers if for every x ∈ X (k), the group scheme Aut x is affine. Since being affine is fpqc local on the base, we see that for any finite field extension k ′ /k and any x ∈ X (k ′ ), the group scheme Aut x over k ′ is affine. 
Proof. (i), (ii) and (iv) are clear, and (v) follows from (iv). For (iii), if X 0 has affine stabilizers, so are all fibers f −1 (y), for y ∈ Y 0 (F q v ), and the claim for f ! follows from the spectral sequence
and ([9], 1.4), and the claim for f * follows from the claim for f ! .
Corollary 3.10. (stack version of ([1], 5.1.15)) Let X 0 be an F q -algebraic stack with affine stabilizers, with structural map a :
, and we have (iii) Ext i (K, L) F = 0 for i > 0. Here F is the Frobenius (1.3.1). In particular, for i > 0, the canonical morphism
The proof is the same as ([1], 5.1.15), using the above stability result for algebraic stacks with affine stabilizers.
The following is the perverse sheaf version of (2.1iii).
Theorem 3.11. (stack version of ([1], 5.3.8)) Let X 0 be an F q -algebraic stack with affine stabilizers. Then every ι-pure perverse sheaf F 0 on X 0 is geometrically semi-simple (i.e. F is semi-simple), hence F is a direct sum of perverse sheaves of the form j ! * L[d U ], for inclusions j : U ֒→ X of d U -dimensional irreducible smooth substacks, and for irreducible lisse sheaves L on U .
Proof. Let F ′ be the sum in F of simple perverse subsheaves; it is a direct sum, and is the largest semi-simple perverse subsheaf of F . c (X 0 , Q ℓ ) be an ι-pure complex. Then K on X is isomorphic non-canonically to the direct sum of the shifted perverse cohomology sheaves (
